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FOREWORD 

'Shia report was prepared by Leon J« Bowser as Stt in-houae effort 
under Project Number 1367, "Struotural Desiga Criteria^, Task Number 
136702, ■ Aerospace Vehicle Struotural Design Oritttia'* The work «as 
aooooplished under the direction of C, J, Sohmid, project engineer. 

Shis report covers work psrfozmd from February 1961 through Deo* 
I96I. 
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ABSTRACT 

A review and analysis of the status of the state-of-the-art regard- 
ing application of power spectral density techniques to structural 
design criteria is presented. The primary objective being to make 
available a convenient reference giving an organized, readable answer 
to the questions, 'What has been done in applying Power Spectral Tech- 
niques?11 and "What are some of the potentialities of this tool in help- 
ing to solve complex engineering and design problems?' In addition, 
the report includes a detailed account of some Aeronautical Systems 
Division experience in applying these techniques, and a brief intro- 
duction to spectral analysis techniques. 
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I.  Introduction 

This report contains a review and analysis of the state-of-the-art 
status regarding application of power spectral density techniques. This 
report does not presume to supersede any of the literature in the areas 
of generalized harmonic analysis, transforn calculu;}, or randan-process 
theory. Stated differently, this report is concerned solely with the 
application and exploitation of established methods and techniques, and 
not the definition or exposition of fundamental concepts of post-doctor- 
ate level mathematics. It is fully acknowledged that a philosophical 
analysis of these techniques is a legitimate study». However, in applica- 
tions, the abstract mathematical models serve as tools cmd different 
models can describe the same empirical situation. The manner in which 
mathematical theories are applied does not depend on the preconceived 
ideas; it is a purposeful technique depending on, and changing with 
experience. 

A Moral 

■To analyze time series effectively we must do the same as in any 
other area of statistical technique "Fear the Lord and Shame the Devil" 
by admitting that: 

(1) The complexity of the situation we study is greater than the 
complexity of that description of it offered by our estimates, 

(2) Balancing of one ill against another in choosing the way data 
is either to be gathered or to be initially analyzed always requires know- 
ledge of quantities which cannot be merely hypothesized and which, in nany 
cases, we cannot usefully estimate from a single body of data, suo)i as 
ratios of (detailed) variance components or extents of non-normality. 
Theoretical optimizations based upon specific values of such quantities 
may be useful guides. However, theoretical optimizations should be used 
only when the failure of past experiences and the present data to give 
precise values for these quantities is recognized and allowed for. 

(3) There is no substitute for repetition as a basis of assessing 
stability of estimates and establishing confidence limits. 

(ij.) Asymptotic theory must be a tol, and not a master. 

The only difference is that one must be far more conscious of 
.these acceptances in time series analysis than in most other statistical 
areas." Some concrete examples of these principles are briefly discussed 
In this section and expanded upon in subsequent sections and appendices• 

•Dr John W. Tukey, Princeton Ü. Tech Rpt No. 91, March 1961. 



In many structural design probleus, the knowledge of the physical 
phenomena is not precise enough to justify exact predictions with respect 
to each individual observation. On the ons hand, the loading is never 
exactly known, and on the other, the physical system may be so ooopXl- 
cated that detailed calculations for the prediction of dynamic responses 
are difficult, (e.g. The random nature of the atmospheric turbulence 
as shown in the records is due to the influences of viscosity, pressure» 
density, temperature, humidity, and velocity distributions, varying in 
such a cccaplicated manner that mechanistic predictions based on the hydro- 
dynamic equations are practically impossible.) 

In such cases the physical data can be regarded as a sot of statisti- 
cal data of random processes. Logical statements of the forcing functions 
are therefore 8tatistical--not mathematical but statistical. This is 
very important here because a mathematical statement usually makes an 
assertion which is true in each individual case, and if there is ons case 
which violates the mathematical statement it also disproves the same 
statement. While a statistical statement ensures only that over the long 
run its truth will provide itself. For example, a typical statistical 
statement may be that the probability of obtaining heads in a single toss 
of a coin is 1/2. However, two consecutive tails surely is not sufficient 
to destroy faith in the statistical hypothesis. 

If one recognizes then the uncertainty of predicting the forcing 
functions in a given problem, the problem immediately becomes statistical, 
and one must attempt to state the main features of the responses, as well 
as those of the forcing functions in terms of statistical averages and 
probability distributions. Another important example is structural fatigue 
under random repeated loading. Introductory material relevant to this 
problem is contained in Appendix II of this report. • 



H. Applications of PSD to the Gust Problem 

An excellent aunaation of the state-of-the-art AS of May 1257 la 
tffordid by Dr Rayaond L. Biepllnghoff, Prof«••or of AaroaauUcal 
Engiii«aring, KITi 

'It la not unreaaonable to say that we hare reached the plaoo in 
the developoont of a new technique where It ia no Icoger neceasary to 
justify its validity or uaefulneaa. It ia true that there are atill 
unanswered questions and inconsistencies, but the advantages to be 
derived from the application of power spectral analyses to the gust 
problem far outweigh these short comings. The principal problem to be 
faced now is how the process can be placec. more efficiently in the 
hands of the structural designer. This is indeed the moat difficult 
phase of the problem» In its present state, power spectrum analyses 
can and should serve as an adjunct to other methods prescribed by 
regulatory agencies» and one would expect that progressive engineers, 
especially those dealing with unconventional designa, would do so. 
Dynamic analyses by the power spectrum approach has not at the present 
writing reached the atate where it can be applied with confidence to 
the art of airplane design as a completely rational and independent 
proceas. However, its present value to engineers in comparing the 
propertlea of one aircraft with those of another should not be under- 
estimated. It has unquestlonaoly reached a atate where aerioua consid- 
eration should be given to incorporating it in some form in government 
design criteria. 

Three places are suggested where effort la required to improvs 
this situation. The first is continued effort to classify the atmosphere • 
especially under conditions of severe turbulence. Secondly, more «xplicit 
data on the range of turbulence scales to be encountered is needed* Tin- 
ally there should be analyses of the time histories of older aircraft by 
means of which the power spectral dynamic analysis, should be applied to 
older airplanes whose strength and service life are well known» In 
this way reference points can be established which reflect the past 
experience of design and service and from which the same methods of 
analysis may be used in a comparison and extrapolation process involving 
new designs. This is a large undertaking but perhaps if it were under- 
taken by the builders of the aircraft in question, it would be acconq?- 
11shed in reasonable time". 



HI. Limitations ot  Early PSD Analvaes 

Perhaps the most iaportant oniasion in early anaiysea vaa the 
pitching degree of freedom end aaaoolated short period dampingj especi- 
ally far unoonventioml oonfigurationa Involving avept» delta-type or 
tail-lesa arrangeoenta. ilao the effeot of span-wiao variation of 
guata la important. The apan-wise variation la often repreaented by 

L, aile^tSbSlence' For ^^ Taluefl of bA. ^ *™*ei* velocity 
along the apan is progressively reduced particularly at the high fre- 
quenolea and attenuation in wing lifta and in overall aircraft accelera- 
tions will result. 

Hot always so. Actually, the effect of taking the span vise varia- 
tiona of gust intensity into account is to reduce the mean aquared 
bending moment when moat of the mass is in the fuselage and to increase 
it vhen moat of the mass ia in the wing. 

The magnitude of the effect for a flexible wing appears to be 
greater than for a rigid wing where the analysis ia baaed on the firat 
aymmetrial free-free bending modes. 



IV. ExteaaloDs of PSD Analyses and Comparison with Flight Results 

PSD Analysis of the guat-load problem was extended by Diederich 
(Ref. 7) to Include the effect of lateral variation of the instantan- 
eous gust intensity on the aerodynamic forces. The forces obtained in 
this manner vere used in dynamic analysis of rigid and flexible air- 
planes free to move vertically, in pitch, and In roll. The effect of 
the interaction of longitudinal, normal, and lateral gusts on the wing 
stresses were also considered. ■ . 

The mean square values, correlation functions, and power spectra 
of son» of the aerodynamic forces required in this  type of analysis 
were calculated for one special correlation function of the atmospheric 
turbulence. It was shown that if the span is relatively large compared 
with the integrul scale of turbulence, the mean square lift and root 
bending moment directly due to the gust are substantially reduced when 
the differences in instantaneous intensity of the turbulence along the 
span are taken into account. However, if the motions of the aircraft 
are taken into account the maun square root bending moment may be in- 
creased as a result of these differences. 

Also, the mean square pitching moment was shown to be substantially 
increased if the tail langth is relativelylarge compared with the scale 
of turbulence. Finally, the wing stress due to longitudinal, normal 
and lateral gusts were shown to be statistically independent under 
certain conditions. (Ref Fig. 1, 2, 3) 

The effects of wing flexibility on the wing strains that result 
from gust encountered were examined by Shufflebarger (Fig. 4) on a 
power spectral basis. Both flight results and analytical results were 
considered for a four engine bomber aircraft, and correlations between 
the measured and analytical results were made. The effects of wing 
flexibility on the wing strains were measured in terms of amplification 
factors based on the ratio of the strain for the flexible condition to 
the strain for the "rigid" condition, and results were obtained for 
four spanwise stations of the wing. The effect of including the second 
symmetric bending mode in addition to the fundamental bending mode in 
the calculations was also evaluated. The study led to the following 
results. 

1. Ccmparison of the measured strain spectra for the flexible 
and rigid conditions showed strain amplifications in the.frequency range 
below 0.5 cps, especially at the outboard wing stations, that are 
attributed to the effect of factors such as spanwise gust variations and 
aircraft rolling motions rather than to flexibility effects. 

2. The measured strain amplification factors due to wing 
flexibility at a station near the wing root were 1,09 on the basis of 
the xms strains derived from distributions of strain peaks. The ampli- 
fication factors decreased with each successive outboard station and 
then increased slightly at the most outboard measuring station. 



3* The calculated output spectra were in reasonable agreeoeat 

with the otatured ifeotrt except at low frequeuelee, where the differ- 
ences are attributed to extraneoui faotora. At the outboard etationi 
it was necessary to include the effect of the second syraoetric bending 
mode in the calculations in order to adequately estimate the effect of 
flexibility on the distribution of strain peaks.  ; 

4* Both calculations and aeasurements indicated that the 
second symostric bending mode had a very small effect on the rms strains 
but that for strain amplification factors determined from distribution* 
of strain peakj, the second synmetric beading mode had a pronounced 
effect at the outboard wing stations. 

5. Although uncertainties in the calculations may arise firap 
a number of factors; these results indicated that calculations baaed OH 
PSD may provide reliable estinates of the magnitude and character ot 
wing flexibility effects on wing strains in gusts for unswept-wing air* 
craft. Also, a flight investigation was made by Rhyne on a large 
swept-wing boiabor airplane in rou^h air at 35»000 and 5»ü00 f06^ to 
determine the effects of wing flexibility on wing bending and shear 
strains. (Ref. Fig. 3) In order to eyaluate the overall magnitude 
of the aeroelastic effects on the strains and their variation with 
spanwise location, amplification factors defining the ratio of the 
strains in rough air to the strains expected for a •rigid" and ■quasi«- 
rigid" aircraft were determined. The results obtained indicated that 
aeroelastic effects are rather large, particularly at the out-board 
stations. The effects of dynamic aeroelasticity appear to increase 
the strains from 0 to 170 percent depending upon the spanwise station* 
On the other hand, the relieving effects of static aeroelasticity appear 
to reduce the strain amplification in rough air by a significant amount* 
The response of swept-wing aircraft in rough air involves a number of 
complications not present in the case of unswept-wing aircraft due- 
principally to the increased importance of torsion for unswept-wing 
aircraft; the torsion in turn results in significant effects on both 
the aircraft dynamics and stability; in addition, the aircraft vibratory 
modes may no longer be approximated by simple beam bending theory but 
may require consideration of coupled bendin^-torsion modes. Few ezpari* 
mental data exist on the character and magnitude of these problems. 

Results at 35.000 feet were compared with previous results at 
3t000 feet.and comparison showed wing trains, on the average, about 
205S larger at the higher altitude. Representative values Of the 
amplification factors varied about 1,3 at the root equations to about 
2.5 at the midspan stations. 

Jhe analysis of the strain responses of a large swept-wing airpiane 
in rough air by Coleman, Press and Meadows by means of eacperimentally 
detennined frequency response functions indicated that the wing-beodiug 
and shear strain responses at the various stations are amplified ly 
rather large amounts because of the responses of the structure» 



The aiaoxmt of amplifications in beading strains was about 10 to 
20 percent at the root stations but increased to values in excess of 
10C£ in sooe cases at the midspan stations. The shear strains shoved 
a similar pattern across the airplane spaa but also indicated larger 
variations between front and rear span stations. The large ▼triationi 
in strain responses across the airplane span indicated that etrain 
distributions in gusts are very different under rough air loading 
conditions than under the usual maneuver loadings and warrant detailed 
and separate consideration in design. In general the predominant 
source of strain amplification was associated with the excitation of 
the fundamental wing-bending mode. However at the outboard atatiooa 
and particularly in the case of the shear strains, significant contri- 
butions to the strains arise from the higher symmetrical and anti- 
symmetrical vibration modes. Thuf, the effects of these higher modefl 
on the strains may also have to be considered in stress oaloulatiaat 
depending on the degree of accuracy required. A detailed analysis ot. 
the reliability of frequency-response function estimates obtained ly 
random-process techniques, particularly as affected by ertraneoue 
noise, was given. The effects of such noises in giving rise to SfatOBr 
atic errors or distortions and random sampling errors were explored A 

and results of general applicability obtained. These results were 
also applied to the present test data in order to establish their 
reliability and to derive adjustments for the distortions« The Impoo?« 
tant result obtained is the indication that with appropriate preoau- 
tions flight tests in rough sir of few minutes duration may be used 
to obtain reliable estimates of airplane frequency-response funotlonfl« 

The determination of aircraft frequency-response functions for 
responses to atmospheric turbulence from measurement in continuous 
rough air involved a relatively new application of random-prooess 
techniques. A general analysis of the reliability of such frtflueaoy 
response estimates was presented and methods of estimating the distar* 
tion and sampling errors were developed and applied. 



V. Evaluation of Itothode of Calculating Bending Moment Responfle of 

-Sur« to arise as a practical Quastlon whan raTitvlag and ooopariai 
analytical results is: 'Which results are better?' 

Several approximate procedures for calculating the bonding mOQt&tj 
response of flexible aircraft to continuous Isotropie turbulence wer*. 
presented and evaluated by Bennett (Reference 2). These approximat«. \ 
procedures were applied to a simplified aircraft which consisted of A 
uniform beam with a concentrated fuselage mass at the center. The 
conclusions drawn from this study veret 

1. The force-sumcation method based on one natural bending 
mode gives very good results compared with the exact solution. 

2. The matrix method based on five stations across the sami- 
span gives very good results compared with the exact solution. 

3» The mode-displacement method based on a natural mode 
yields inaccurate results; however this relatively simple method can 
be useful in trend studies involving variations in wing flexibility. 

4. The force-summation method, based on an approximate 
parabolic mode and the Rayleigh frequency, loses little accuracy in 
mean-square results. However, the approximated natural frequency causes 
a shift in the fundamental mode resonant peak; consequently, higher 
statistical moments will be in appreciable error. 

5. The force-summation method based on an-approximate para- 
bolic mode loses little accuracy if the natural frequency is known. The 
inclusion of spanwise variations of turbulence results in a decreased 
response if most of the aircraft mass is in the fuselage and in an 
increased response if most of the mass is in the wing. Also the exclu- 
sion of spanwise variations of turbulence in trend studies such as 
trend of amplification factor with mass ratio, may lead to erroneous con- 
clusions. 



TI. Safety and Safotv notor»  for Airfrmtl 

Zt io 6«a«rftlly aooipttd that gufta art the donifiatiag oauaa of 
futigua vith rttptot to tht «iagf of trtnaport airplaaafi vhiit tht 
doainant fatigue damage of vlaga of fighter or trainer planes 1« duo 
to maneuver loada. 

The purpoaa of tha applioatioo of statiatioal met hod a to pro bl ana 
Of p^'Htrum loads and of load apectra la to obtain by extrapolation 
oatimataa of tha probability of encountering the extremely high deaign 
load factors of very lov expected frequency of occurrence aa vail aa 
to obtain estimatea of tha rata of accumulation, under random loading 
aasoclated with certain load spectra or fatigue or creep-damage. It 
should be obvious that, baoauaa of tha necoaaity of auoh extrapolation, 
the aeiection of a probability function involves more than curve fitting, 
Unleaa the selected probability function Is germane to tha problem and 
adequately represents tha inherent statistical variability of tha phenoaa- 
non which results from certain basic aasumptiona concerning ita origin, 
extrapolation towards tha extremes (tails of tha function) will result  » 
.in erroneous predictions within this rangt of variation, which ia just 
tha relevant deaign range. It appears that the probability distribution 
of mftxinugn values obtained from successive samples of records can be used 
for an affective estimate of tha required extremes for design* Tha sta- 
tistical theory of tha distribution of extreme values indicates that for 
initial distributions of the most cocmon type which approach zero expon- 
entially, a limiting form exists for the distribution of tha mn-Hmimi 

, values of large samples. Tha use of this asymptotic form should there- 
v       fore increase tha reliability of tha estimate in coopariaon to direct 

extrapolation from the observed initial diatzübutlon. 

,.        \ ■ 
The character of the probability function of extreme gust-inten- 

! 

sities, vith the aid of which the ultimate load factor can be estimated, 
is thus completaly determined by the extremal nature of the phenomenon. 
It ia independent of the nature of the underlying distribution of gusts. 

If .tha underlying distribution of gusts is required it can either       . * 
be obtained by statistical interpretation of actual.gust records or by 
a theoretical study of the effects on the airplane of atmospheric turbu- 

r- ■__    lance and of buffeting, and of the response of the airplane to these 
random disturbances by means of generalized harmonic analysis and power 
spectra techniques. 

The design gust spectrum should extend from the.limit load downward« 
However, the small probability of actual occurrence, during the opera- 
tional life, of loads in the vicinity of the limit load makes this load 
region rather insignificant with respect to damage accumulation over this 

, life. The specific shape of the spectrum is therefore less significant 
in the limit load region than in the region of higher frequencies; thus, 
discrepancies between actual load distribution and the assumed form of 
the spectrum can be tolerated in the vicinity of the limit load. The 

i *t»ü 



oonolvuion appear«, thoroforo, to be justified that the initial fraquanajr 
function of guata oan be fairly vail represented by a simple exponential 
probability function over the entire range. Tue same oan also be doat 
for c^ouvor loada for fighters. 



VII toftSuroDBfit and Aasasaoent of Bepeated Loada 

JVurther licht was thrown on the principal problen—placing PSD 
technique« in the hands of the structoral designer»*by tancly (Ref• 6)* 
He outlined the coneral principles vital to the oessureaent end essess- 
aont or repented loads as follows: 

1. Eztrecel loads that ooaprooiise the load history of on airplane 
should be treated according to load source. Indications are that there 
is no unique strain relation applicable to all points in the structure 
or all load sources. 

2« The relativ« importance of the different load sources will 
Tory accordinj to dssion and uaa^e of the airplane.(Hg. ?)• 

3* It is nandatory to subdivide the load histories further acoord- 
ing to flight condition or a source providing more hecogeneous infonaa- 
tion. Loads and their sources! 

load Source 

Oust Loads        cloud and wind-shear turbulence, other oeteoro- 
logical factors 

flight conditions - clinb. cruise, and descent. 
In the case of climb and descent although the 
gust experience should be the sane, the differ- 
ence in flight speed has s significant influ- 
ence on the load distributions 

Ground Loads      air-to-ground cycle, landing Impact, taxi loads 

4* On the aesuoption that the load histories of future aircraft 
are of prime interest, the «im Of much of today's work is aimed at 
colleoting data on the distrubanoe and operating conditions rather than 
collecting nasses of load statistics on yesterday's designs. 

The final principle guiding research in connection with repeated 
loads is to subdiTide the work into studies of the distrubenoe, operating 
conditions, and airplane behavior. The study of airplane behavior seems 
to be the most formidable task of the three, since it involves extensive 
instrumentation and flight teats under controlled conditions. Other 
jertinent considerations arei 



<tO) 
1. Tor gusta,  the «taadard expression for the power epectrue,    (v) 

doesn't cover the larger wart lengths very wall« 

2. The Mlaotlon of a single value of L aaauzoos that the apaotral 
shape for atmospheric turbulence la iodapandant of source, an assunptioa 
requiring additional verification particularly for'the turbulence of 
convective clouds. 

3*   Profiles for tazl loads la the form of pover apaotruad indicate 
a rapid decrease in pover aa the wavelengths daoraaaa«   ▲ major diffi- 
culty arises from the faot that shock struts appetr to have a threshold 
below which they do not operate. 

4«   for ooocarclal operations, the short-duration low-altitude 
flights characterizing feeder-line operations,  gust loads oonauoa about 
ÖCÄ of the airplane fatigue life,    for high-altitude  lat transports 
US of fatigue life can be ascribed to gusts.    (Ref. 6) 



VIII Sgne ^f,^ fi^eyj^engga ^ t^ie AgpUgation of PSD ^o r^neyv^g ajafl 
Taxi Loads 

Applloatioa ot PSD to maneuver load« obtained on jet flghtera waj 
i&Ttftiattftd by Kmtr« 

It was determined that the maneuvering load-factor time hiitoriea 
appeared to be described by a truncated normal distribution, (ftg* 6) 

The power spectral densities obtained were relatively level at 
frequencies below 0.03 cycle per second and varied inversely with approx- 
imately the cube of the frequency at the higher frequencies. In general, 
the frequency content was very low above 0.2 cycle per second. The load- 
factor peak distributions were estimated .fairly well from the spectrum 
analysis. In addition, peak load data obtained during service opera* 
tions of fighter-type airplanes with flight time totaling about 24,000 
hours were examined and appeared to agree reasonably well with the type 
of equations obtaineu from peak-load distributions. 

Also, the frequency content of some airplane response quantities 
obtained from a number of operational training flights of a fighter 
airplane was presented in another study by Hamer. Power spectral densi- 
ties of normal and transverse load factor and pitching acceleration 
wore shown for several types of missions normally performed by the 
aircraft. The frequency content, which is described by the spectrum, 
provides information which is useful in the design of recording and 
computing equipment for analyzing maneuver-load data. 

When normalized by dividing the mean-square value, the results 
indicated that except for some differences at theihigher frequencies 
due to the effect of rough air, the frequency content of each 0^ -the 
airplane response quantities was similar during the different types 
of mission investigated. 

The normal-load-factor data for the different types of missions 
exhibited some of the characteristics of a Gaussian random process; 
therefore, power spectral methods were used in analyzing the maneuver- 
load factor data. Ilormal-load-factor peak distributions were estimated 
to a reasonable degree of accuracy from this spectrum analysis. Peak 
distributions for transverse load factor and pitching acceleration were 
not determined from the power spectrum because in most types of missions 
the quantities did not appeal1 to have the characteristics of a Gaussian- 
random process. 

Morris (Ref. 21) conducted a study of the response of a light air- 
craft to roughness of unpaved runways; and found that mean-wquare accel- 
eration response increased approximately linearly up to about 2$ or 30 
mph.^, but increased more rapidly than the linear rate at higher speeds. 
Transfer functions computed from the air craft acceleration response to 
the runways were in relatively gpod agreement at 20 mph. As regards to 
the peak amplitude and frequency at which it occurred, apparent lack of 
agreement at 1±0 mph may have resulted from nonlinearities in the system 
and/or for small a statistical sample for determining a transfer function. 



DC ASRi-CS-n Exporlencea in The Application of Powero SiMctral Mathodi 
^o Airplane Doaign imdor Proiect 1367 structural DoBiza  Criteria 

Study of World Wide Turbulepco Dato (Referonce 12) 

New York University ia making an analysis of B-66B low level turbulence 
data to determine spectral variance and spectral slope behavior with respect 
to four physical pornasteri Mean wind speed, atmospheric stability, terrain 
tad height} and is re-examining the basiu approach to the gust load design 
problem. Current data indicates that the normalized spectral shapes are 
sensibly independent of wind speed and stability. Additional analyses are 
necessary to confirm these spectral shape results. 

Heating Effects on Gust Reaponae (Reference 26) 

The response of a high-speed flexible vehicle to atmospheric turbulence 
was investigated for flight at an altitude of 1000 ft. The Hsoh number 
range was from 0.7 to 6.0. The response of the structure at nominal room 
temperatures was compared with the response of the structure when aerodynamically 
heated to a uniform temperature. (Reference Figure 9) The response to discrete 
gusts was compared with the response to continuous random turbulence (computed 
by power spectral densities), and the effect of flexibility was investigated. 
Both EBthods used oscillatory pressure distributions. The results have not 
been tested and are applicable to similar configurations only* These results 
indicate that: (a) Rms acceleration and bending moment responses do not 
neoessarily increase with speed continuously, (b) Maximum rms ganerally 
occur at between Mach 4 and Mach 5i except for fuselage bending moment 
which is slightly higher at Mach 6, (o) One degree of freedom underestimates 
the rms acceleration and bending moment responses with the exception of the 
fuselage bending moment in the Mach number range between Mach 3 and Mach 5» 
(d) The number of degrees of freedom have a considerable effect'on the rms 
response. An extreme example is the rms nose acceleration at Mach 5» The 
five degrees of freedom rms response is approximately 330% higher than pre- 
dicted by one degree of freedom. 

Whereas, the discroto gust ußthod has no means of predicting a change 
in the number of peaks exceeding the zero level due to heating, the con- 
tinuous gust method does predict a change in the number of peaks exceeding 
the zero level through the change in the characteristic frequency. The 
rms response level of nose acceleration increases by approximately 62% 
due to heating. The ratio of the fuselage bending moment stress to the 
ultimate stress increases by approximately 75% due to heating. Over one- 
half of the latter increase is due to the reduction in ultimate stress 
produced by heating. 

Optimum Fatigue Spectra (Reference 23) 

Two types of power spactral density analyses of taxi loads were made. 
The first was an analog study in which the complete non-linear system of 
gear equations was considered. Runways were generated and the response 
of the system in the time domain to taxi over these runways was produced. 
Cumulative occurrences of increnental c.q. acceleration levels were then 

obtained by counting the number of crossings with positive slope of the 



variouB levels. The second type of analysis cotx^Tifbd  a|digital study. 
It was the aim of the analysis to ascertain whether it was possible to 
estahlieh the cumulative ocourrenoes of incrensntal c.q. acceleration by 
conventional spectral analysis in the frequency domain with a suitable 
linearized representation on the sain and nose gsar forces. The airplane 
configuration used was the DC-7c at 143•000 lb gross weight. A single 
taxi velocity of 22 ft per second was considered throughout« The results 
of the digital analysis were found to be powerfully affected by the line« 
arized representation of the oleo dampings« Linearization of the olso 
dsmping requires the selection of an aoplitude and frequency« In AfiAKD 
Report 119« it is suggested that the basis of selection should be a 
dominating strut amplitude and frequency« k new procedure was arrived 
as to obtain a more specific criteria for linearization of the oleo 
damping« having due regard to the stroke response at all frequencies. 
By way of comparison the non-linear results exhibit a definite bias toward 
the negative, or upward accelerations. For negative e.g. accelerations the 
agreement between linear and non-linear analysis was satisfactory« The 
most promising procedure seems to be to consider the non-linear gear with 
a stationary random input. The non-linear gear analyses also show that 
the resonances associated with the unsprung gear masses can have an appreci- 
able effect on the cumulative occurrences of e.g. accelerations unlsss 
suitably filtered. These resonances ordinarily lie at frequencies beyond 
the range of derinition of the runway roughness power spectra of NACA TN 
4303* Oscillograph records obtained during airplane taxi conditions have 
shown high frequency content, indicating excitation of mode lying outside 
the range of definition. It would therefore seem desirable to extend the 
bandwidth of the spectra of NACA TN 4303 to higher frequencies« It ehould 
be re-emphasized that the above results were based on one taxi velocity« 
There is c lack of experimental data on the distribution of taxi velocity. 
Moreover, the direct application of runway data in spectral form to fatigue 
studies is complicated by the non-linear transmission characteristics of 
lending gears in current usage. Other phases of taxi loads such ee turning! 
pivoting» braking and towing should be considered in fatigue analysis. 
Unfortunately, the only data available on these are from spsoifio flight 
test programs conducted to verify design criteria• in the traditional 
sense; not fatigue criteria* Much analytical insight has been gained 
by investigations to date, however. 

B-66 Low-Level Oust Study (Reference 31) 

Statistical design, data gathering, instrumsntation, data reduction, 
computation, and presentation were accomplished. Technical analysis of 
the data was performed, i.e., determination of the scale of turbulence, 
numerical filtering, integration, resolution and spectral estimation. 
Comparison of current Mil Specs on low-altitude gusts and response 
equations with sampled data results, recommendations for future analysis 
and flight programs. Comparison with Mil Spec 8866 and NACA W 4332 
showed that sample distributions of standard deviation of low-level gusts 
differ significantly, equations in specifications overestimate the number 
of most frequently occurring gust peaks, which are of interest in repeated 
loads, and underestimate the number of large gust peaks. The technical 
analysis further showed thatj Extermal procedures by Gumbal are very 



useful in relating expected guet peak« to mile* of flight.    Isotropie 
turbulence approximations are excellent fits to auto-corrolation and 
power spectrum of low-level gusts.   The Chi-square distribution is a 
significant fit to sample distributions.   Sample derived equivalent gust 
velocities are good (not tested) estiaates of observed gust velocities« 
Cross-spectral power between sample gust velocity components in negligible} 
phase is uncorrelatedi amplitude is uncorrelated.   Transfer functions by 
cross spectral procedures are good (not tested) estimates of analytical 
transfer functions.   Statistical techniques such as« cross correlation» 
sampling, regreseion, product moment correlation coefficients, etc.; 
are useful tools in separating gust and maneuver responses! also the 
distribution of gust lengths is useful in separating' gust and maneuver 
responses*   Plans are currently being made to gather similar data for 
the sumtDsr months to arrive at a more comprehensive gust model* 



X Rolating Peak Couat Data to Ri^S Data 

In regarda to tachniquai for relating peak count data to naa data 
for low-level flight, .Notes« (Reference 2k)  conclude» that tbaae two 
types of data (peak count and rms) can be related in a way which 
enablea a simple application to the apecific problem at hand. Data 
froo "Notess, Analyses of Turbulence Data Moasured in Flight at 
Altitudes up to l600 ft above Three Different Types of Terrain," 
and CAL Report Ur TE-1215-F-1, Feburary 1939 and WADD TR 60-303. 
afi-66B Low Level Gust Study,' was analyzed and indicates that on 
the average a gust of extreoe magnitude is usually associated with 
a nearly homogeneous patch of turbulence having an rms of one-fourth 
the extreme value in an extent of ten miles. Thus, it is reasonable 
to assume that in every flight there will be at least one patch of 
turbulence (10 miles) which is associated with the peak gust encountered 
and will have an rms gust velocity equal to one-fourth of this peak 
value. One peak exceeds four Cevery tan miles. This is based on 40 
data runs (from B-66 data) wherein the peak variation for 33 of the 
runs was between 3»4 r to 5*0 (T  • 

Considerable work remains to be done so that a workable model can 
be obtained which will enable one to take into account the rslationship 
of the intensity levels among adjacent turbulence patches. 

£xiating turbulence models such aa NACA TR 1272 do not provide data 
on these interrelationships since peak count data for many flights is 
lumped together into one probability distribution. (Figure 9) 

This can be done for design purposes to some extent if one applies 
the probabilities to missions rather than to individual ten mile patches. 
In other words, one should say one out of seven missions will be performed 
in turbulence of five "y rather than one out of seven patches in a given 
miasion. 



XI   APPlUfl BMtttflt o^,l?9n^ - Ktä 

Baoognizing that the reluctanca to UM power «poctral mothoda la 
aoatly dua to the oomplaxity of tha analytical tachniquaat and the 
fact that tha taohniquaa of atatiatioal analyala are oftan unfaalllar 
to daaignart» it la inouabant upon tha Air Force to pursue intaatlgatlon 
aüaid toward aloplifylng and applying power apaotral tachnlquaa* Toward 
thia and, Applied Research Objective Mr 35A55 waa eatabliahed. 

Input and Reaoonae Power Spectrum of Random Load Inputa to Advanced 

CBJSCTIVIt To determine tha apaotral ahapa and Intanalty of tha Input and 
raaponaa power apaotrum of advanced vehicle atruoturai result- 
ing from gusts, ground winds, wind shears, pilot inputa, auto- 
matic guidance, and oanauvara, in order to apply these apootra 
and root-mean square distributions in structural load calcula- 
tions in which tha affect of vehicle motions and flexibility 
are included in the determination of vehicle transfer functions 
which can be converted to real time differential equations 
solvable on high-speed computers. 

PRESENT STATUS» The spectral shape of gusts has been adequately determined. 
Work la continuing on the variation of intanalty with geographic 
and meteorological factors which influence gusts. Input power 
spectrum end response power spectrum are being neaaured for 
ground wioda, wind shears, pilot inputs, and maneuvers. Ho 
methods are currently available for converting available 
data from ita present form into a form appropriate for spectral- 
type calculations. 

TECHNICAL P0Ü5IBILITIES» Further analytical investigations to determine 
methoda for re-evaluating currently available data on winda, 
wind shears, pilot inputs, automatic guidance systems, and 
maneuvers from their present form into a form appropriate 
for apectral calculations as has been done for gusts in 
NACA TR 1272. Further analytical investigations to develop 
a mathematical model representative of the apectral shape of 
wind shear, pilot, maneuver, automatic guidance system input. 
Further analytical inveatigations to determine goodness of 
fit criterion for sample diatributiona. of this data. Further 
analytical investigations to determine extremal procedures in 
relating expected peaks to miles of flight for Inputa other 
than guata. Further investigation to determine the significance 
of cross-spectral power between sample wind and wind shear of 
cross-spectral power between sample wind and wind ahear com- 
ponents. Further investigation to determine how well tranafer 
functions. Further investigation to determine how useful 
statistical technique auch aa cross-correlation, sampling 
regression, product moment correlation, coefficients, etc., 
are in separating responses from the aforementioned inputa. 



la tht an« of dtUrmlAla« th» tptotrai «bapt «ad iAt«aalty 
of tbt iaput and rtapoAM powr •ptetrua of flight vahiolaa 
du« to aaaouTart aad pilot iapula• 



XII    Conoluding Fomrk« 

Ntlthtr tbia raport nor tbt applltd rtMaroh objtotWt prtauait to 
•ncompaae «11 new concepts which if iucceiifuliy purtMd, would •nhAßo« 
our knowlod^t auod advance  the-etete-of-tbe-art. 

In fact,   it io hoped that  thi* report lerre» to dUoortr tad atinulate 
investigation and presents sooe »thod* of demona trat ion which texxd to lead 
the reader to investigate further. 
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Ai ir/.LU  II 

INruOUJCTION TO üHiCTUAL AWAUälb 



Iii a Tory real »«OM Power Spaotral D«a«ity la AOthlag M«« 
Jlnco M aro again coufrontod with the usual engiaoorlng problaa of 
trying to dlaoovar a pattarn which coupled with ingenuity, will enable 
ua to decide what will happen in tiaa (or diatanca) fro« what ha» 
hapnanad. 

Sinoa tba moat obvioua form of repetition la running around a 
circle, we ahall axpreea all predictlona in teroa of the fraoawork 
of periodicity or frequency and amplitude, 

y -  a sin wt 

ID other words, we have decided to use the principles of hariaonio 
analyais. 

Moreover, in obserrlng actual reoorda of a continuoua diaturhance 
auch as gusts, we aoon recognize that we are dealing with the problem 
of performing an amplitude-frequency analyais of a random time hiatory 
which ia neither periodic (repetitive) nor decaying with time. 

Thus like it or not,  there is no choice but to overcoms the natural 
deaire for "somBthing nailed down,* and to apeak the language of pro- 
bability instead of the language of certainty. 

For if a time hiatory is random, it must have elemunte of uncertainty 
and all one can hope to determine is the degree of uncertainty. 

In view of  the above, tum basic statistical terms will now be pre- 
aented. 



STATISTICAJ. TiÜMlAOLOüY 

MAN OH AVüKAuüi 

Liit t be a mal variabla, aod y • f(T) ba any fuxjotlon givan 
on an intarral (a.b).    Tbao 7. tha avoraga of y with raapaot to t for 
tha  intorval a,b la daflnad by 

/b /• 

CL a 

or ( b-a) ^ rj ^-^t 

The göonwtric Ictarpretatlon makaa It aaay to ramambar tha daflnltlom 

for poaltive "yit) for nagatlv« y(t) 



arki'isnLki TtiuHihOLOUY 

hOOT-j-t^-^UAHt      (hfti) 

W« dofliw y,  tho root oaao square (ros) valu« of y with raapaot to t 
for the  interval a.b by the equatlooi 

srinsu. • m 
Thus the luv  y la the square root of the average of the square of y, and 
is so defined that 

(i~)(|)s l\ M 

i'hia definition, also beoooes oluarur with an examplei 

Conaider on the interval U,i.    Then 

i 
BO that in thie case 

Jr yifeijftTi   s JJ; 
And if wo  taiea special values of m, 

FOR m 

t 
111 
0.234 3.333 

I0tm 

5.773 
O-lS" 
f.lU 

3k 
Mlööi 

The extremid vaiuaa of y(t) =I||^'"on 0,1 are ü and 1U.    This illustrates 
that the rms value of y always lies between the extreme values of y(tj 
but may lie quite close to either« 



STATICriCAL TtluilhOUXii 

Al/lOUUUuiUTION i-'UNLi'iU^ 

Tbe uattletK quantitative way to jud^e tiie corrtilatlon or fit batwuao 
two things la by tbalr product.    In &i*nal, largH product« onaa good 
uorrulatloo and aaall produeta man poor corralatloo.   Whan the 'tbloga*       n 
are dopendwut on time, aay tj.i) and fit).    y|t) could ba aqual to *| *, "♦" T^l 
one takea the average product ovar all the time Involved.    Thua the 
autocorrelation of a tla» blatory la qp 

-T 



LLti-LOTt* (», ThAKiKOJuATION THLClitlf 

liaturning to th« problem cf tho amplltudo-fnuiuaucy aaalyala of a 
tliai-hlstory;  it may ba aithur periodic or not.    If strictly pariodlc 
it cao usually bo exproasod as a Fouriar Ovriea, 

F(<J,^rTf(t)eiu'-tdt 
T/i 

(Notice how wu now have related tiu»,  t,  to frequency,10 . and vice versa.) 

If t\t) is not strictly periodic,  it utty oither settle to some constant 
value as tiioj goes on or it tuny not. 

If i'{t)  is non-poriudic but decays to zoro ss tiue increases it can 
(usually) be »xprussud by a eliglit generalization uf Fourier aeries using 
continuoua rather than diecreto  1 requeueiba. 

J 



tLtJ-LKIb OF TJUNb/Ohi-ÄriC^ THKQiOf 

Tblt trauBfünuutlüü from a tlu» functlofi to • frequaocy function la 
azpraaaad by tit« Fourier Integral 

6(jw)«JCV(t)ejwtdt (,) 
-CO 

For any function r iX/*W |V ^0| ^^ llmlta of Integration can ba 
cnangad and the tranaform ivstatad aa . 

Ci(ja»)SrF(t)e-Jtt,telt (*> 
making uaa of the Kuler rulutlonshipi 

^'J<,^rC05(Ät-jama»t (V 
tj C«|CMjcaj' bu separated Into componentfl-^ 

B«S I^Üwfl'J^FU) sin wt dt   (5) 
In polar coordinatea A \ I {|)| 9 ^ ^ \Lt) 

As CUtC  t<W\.   "T^" (V) 

The practical problam is to determlnü a intithöiiMtical reprostntatlon forOV^**V 
such that the integrals,!A) and (5) can bo evaluated.    Again,  tha question 
as to whether  J*^F(t)eJ^^ exiats can be answered affirmatively for 
any F(t) describing Q phyalcally realizable motion^ 

More pertinent ia  the question»    Can the  function be approximated by 
some     p (^\    such that 



EUlffclflb OF ThAASrOHHATIQN THJkOWf 

tquatlon (9) requlroa that F( t) l*com xaro, or Marly aot aftar aotaa 
floiU tine T.    If thia condition cannot be oat it ia atill poaaibla 
to approxunnta (2) be breaking up F(t) into parta • 

ira   po(t) 1* auch tb** ttie second integral on the right can ha where 
forujttlly evaluated. 



Thö uüxt logical ^uoatioo im  "If thoao traiuiform «ra so •«•/ 
to «valuat«, why did we «kip over that part?* 

So to that end, ao intuitive detoriptloo which la oooaiatent with 
the level of this report iaiiown below* Thia approach waa selected to 
avoid the •foreat-for-the-treea* eni^oa. 



ÜU-IPWATIÜNAI. TüCHNlHUta FOR rOUiilüH TKANaKQhi-lATICW 

Glvao a fuüctloo (of lim), f(t),  Ita Fourlor Tranaform ¥((£) (a funotiofi 
of fruquoncy) la deflnad , 

FMj.^{(t)e"Jwtdt 
«hero j2 ■ -1 and a la tba exDonantial fuaotlon. W« ahaii uae tba idootity 

e'-'^ÄCOS wt-j sin cat 
and aball cooaldar alne afid Coalaa Fourier Tranaforma   f «0 ##.% •- 

aod 1^ f W ««3 wt dt 
For ouch of our dlsouaulou, we cuoaider only the Coaioa Tranaforoa alaoe 
a parallel dlacuaalon would apply to the üina Traoaform.   Furthermore, 
alaoe (oathaoBtically the tluu and frequoacy domaioa are intorohantjeablo, 
we ahall aoaetiama refer to F(OJ) aa the Spectrum ID order to ampbaalza 
that It ia a 1'unction of fruqueucy.    i'hia uaage aroae becauae the motivatloa 
for thia atudy ctuw from tha problem of obtaining ftiD from Autooorrelation 
Funotiona. 

Let ua aaauua that f(t) is an evan function)  i.e., f( t) • f(-t).    We conaidar 
each frequency, and aak how much relative contribution a coaina of that 
frequency makua.    Wa conaidar f( t) to bo made up of a number of component 
frequencies (actually a continum of fraquencies), and we wiah to determine 
the relative amptitudaa associated with the frequunciea. 

The way in which the cr^ina  transform answara this question may be deacribad 
aa shown in Figure 1.    ^ivon f(t),  wa choose BOIJU frequency,CJ, and compare 
COi cot/ with f(t).    In order to make tha comparison, we form the product f( t) 
COS tot.    Thia product will ba poaitlva when f( t) and COSCutare both 
positive or both negative; and its valuua, positive or negative, give an 
inatantaneois pictura of whether f(0 andCOSwtagi-oe.    but we want to compare 
f(t; andCOiOjC throughout their whole range,  so wa  integrate the product 
f(t)C0S cot   .    As OJ ia varied,  thia process, which gives a step-by-step 
intarprotation of the definition of thü Cosine Transform, will give a 
relative measure of how inuch contribution each frequency malces to fit). 
When we consider the procese otep-by-step in  this fashion, we shall refer 
to CO    us  the scanning frequency. 

Qiven an even function f(t)- 

Pick a scanning frequency 00^» 



Form il.u   iiiäidulaitcoua nuuauro of attrueiuBiit-l'l tj COS COiV 

Intc^utti   to uüluiu th«   Lutui uuaauits ot  ugrtieiujnt- AQffA VjA 

This ia  tlic  valuu of tha >'ourlar (Coaioe)   tituisform at 
F(uO 

biiico fit) anJCOSWtare even, K(,-U),; = l-XcOj. 



Now  to tie to.^'thor BOIIJI uf the  topics  juat dlecueaod. 

Thua far,   In uur oftort to uuvelop nn Mioplltude-frequency analysia 
for a random tin» hlatory. wu  tiRvai 

1) Dlacuaaed  the autocorrelation function which describee the 
average  value of the product between valuua ol   the record a spuoified 
tine  iotenral apart as a function of thia tin»  interval  itself i and 
therefore giwa the desired amplitude characterization of the randoo- 
tinw history, fit;. 

2) We have dlacuaaed the Fourier Integral Transfornatlon which 
provides a frequency charnctorliation of the random-tin» history• 

We now should bo able to analyae input-tranafer-response for 
random function» by exprusain^ input and reaponae aa Fourier Integrals 
of the autocorrulutlona of their reapective  tlnu biatories.    In any 
caae, we can irnpleiiunt thia "tongue-twister* with the aid of the follow- 
ing outline of  the nctuul raachanioa normally involvedi 

THE MiCHAMCÜ OF COMmiMi THL POWuH aftCTKA 

1.    Recording time sampled input data on magnetic tape. 

2*    Feeling this data into a large hlgh-apeed computer. 

3.    Computing the  input spectra from thia data. 

4»    Computing the  tranafer function for the system. 

(If the  input and output spectra are known the  tranafer 
function is 

output spectra 
Input spectra 

5. Recording the output. 

6. Computing the response  spectra. 



for a finit« ^scord length »amplsd at    t, ttM following «Up« oay 
b« ui«d In oooputing gu«t apeotrai (although othar nwthcda are avallabla) 

1*    Calculate  the man, y(t), 

J(t) *& £ ^ift) 
where nl::^of valuea of the rcndoo 

variable taken at equal 
unite of tin), At, apart. 

2*    Calculate  the autocorrelation ooeffIclente, 

»»•A (A» 0,1,2..., M) 5* ^A«W|»>*...>ll 

whereMs#of laga or uniformly 
spaced points over the frequency 
range at which estimates ere 
desired 
and 

V*)'^w-i}(t) 
3«    Calculate  the  Initial eatiiu.toa of power spectra 

11   Calculate »nllvalles of I      . J    Tf, ^ 

4*    Calculate flntil ostiraatea of power spectra 

$e ' 0.54 Z.« ♦ 0.4t L, 

Calculate^M»Rvalue a of   35'JL 



These power apectrel calculations oay be quickly obtained by • 
high-speed digital computer. 



POWJLK W A liAHDOA ULäTUhUAWU 

Tho  purpuad of  thl« nuctluu la to lllustrat» the practical aapacta 
of  Una  eSuiMiuuuiioaod tuple». 

If a mnduu tluu hlabory la conaldorod aa baln^ aoalo^oua to currant 
flowing throu^i a unit roalatauca, an Important ctmractarlatlc  la the power 
or antirgy contained In f(t).    i'hla power tony te conceived aa compoaed of 
contriLutlona from various frequenciea.    One apaaKa of  the daoalty of power 
or etwrgy as  the limit of the power in a frequency band aa the bandwidth 
approachea itero.    Thla plot of power a^alnat frequency la appropriately 
called the PHI) curve or power apoctrum.    by knowledge of the  transfer 
ayatem,  ihe  Input power spectrum can usually ba oonvertad to the output 
or reaponaa power apectruw,  as ahown above. 

In order to develop a frequency representation which would ba applicable 
to continuing dlsturbuncus,  the theory of random proceaaea makaa use of the 
concept of a statlonury random procaas.    The basic aaaumptlon characterizing 
a atationury rundum procoaa is  that the underl/ing mechanism which givea 
rise to the disturbance are  invariant with time and statistical prediction 
bacomea puasible. 

For tha caae  of a statiunary random function of time y(t),  the 
moan aguaru. y^(t)  la defined by the following equation! 

The uttan square will usually exist and represant a meaaure of disturbance 
intensity,    binco y2tt}  is a quadratic function of y(t),  it haa been 
termed the  "avorage powur* of y2(t)  in analogy  to electrical power which 
le p-oportional  to tho square of the current.    The function y^t)  is con- 
sidered to bu cumpoaed of a infinite number of sinusoidal components with 
circular frequencies,Co .  between 0 and infinity.    The portion of y\t) 
arising from components having frequancies between CO and&J+clMis denoted 
by$((a)ci(A9t>    The function | ^QS)     i8 called  the PSD function, and haa  tha 
property that 

TfZ) * I   § (uO do) (2) 
The PSD function is thereforei       ■   ^ *  ♦    I "2. 

Equation (3) may be used to evaluate the PbU function from obaerved data. 
However, in practice, the PUD function may be more conveniently determined 
using a related function, the Autocorrelation function, H ^   ). defined by 



I'll«   uutuCOlTülolio.i  fuocllou   UaJ   the   5/.-».-o li led!   property   i^( Tl'NV    U 
und it» luuiprucdlly rduteU to tUo i~u t'uactluo by CUa Koarl«r Cosioa 
TriuutfuiuiaUou lu lltu lolluwiii^ uMxuutiri 

itlua ul'  Uta   FuU fund ion  la  cuiiuinteut  with  the   pi« 

i'ai' 
Tbi« dofinition ul' the I'Jb I'uoctioa IH cuiiuinteut with the pivcediu^ 
defiuitluu ul' uquutioo Kjj' ^»e ApjHindix - Computetiuual lochul^uo« 
for Kuurier l'iauöi'vVuui\.iou, 

when a linear syatoui la expuäua to an Input varying in a random uienner 
with time,  the probability dlatrlbutiun uf  the ayatem output y can 
frequently be rcprcaentcü by a noiiuel pxuUability Uenaity dlatributloo 
defined by the relation 13) where y and      are  the rnuan and atandard 
deviation and are dulitiud by [t); m*   Jm      S s \JL f *»\ 

laveatigatiuna ul' coiin.auiictitiuii pioblciiid aaauclatod  with random nuiee, 
which haa ii*iny  obvioua ^liuilai itiea to  turbulence,  have ahown  that normal 
didtribuliuna are 1'requoutly  oncountuied.    hice,   in hia 'Math.  Anal,  of 
handom Noiue'  haa ahown  thai for a linear ayatein the  ahot affect  in a 
vacuum tube glvua riae   to a noiae current which haa a normal diatribution 
of curi'ent  intenaity.    Invobti^ation of fluid turbulence frequently yialda 
normal diatributions of velocity fluctuationa. 

^tatiaticttlly,  whcnevoi   certain conditiona are mat,  the diatribution in 
quoation can bo  conaldered aa ei^htiior a norraai diatribution,  of aomo 
akew diatribution which can bu  trünafoiiitd  Into a function of a normal 
diatribution.    When thuee conditions are aut atandard ^thoda are avail- 
able for toatiiirf the validity of  all atüti;itical hypothaaea and aaauiu^tiona. 

i-toaaui'eiiiuijta   indicate   that over  the  frequency ran^e of intereat  the  power 
afjectrum of a tmoaphei ir   turbuionct  lutiy be well approximated by aimplo 
analytic expreasiona auch aa have  lieen uaod  in wind   tuhnel atudiea of 
iaotropic  turbuluncü.    Alao,  in the  thuory  of  random proceaaea,  relationa 
have  been derived letweon peaK counta and  the aaaociated power apoctra. 
rheao  i-elationa apply  to the  case  of a atatioaax'y uauaaian or l^orjual 
landom proceaa, where  the term Clauaaian deai^aatea a proceae characterised 
by a liauaaian diatribution for the amplitude  of  the  disturbancea aa well 
aa for ita time derivativoa.    Actual reaulta support auch aa aaaumption. 



Sine* thtf inteaalty of turbulence varies with weather ocmdltlona,  the 
opuretlouuX ^uat history is considered to be a nonstationary Uaussiao 
procese varying only in intensity or rue gust vulocity; and the problem 
of specifying the gust history is reducud to  that of specifying the pro- 
bability distribution of  the nos gust velocity. 



CUi-UUTIVh. 11\UüAhILm UI^fhlbl/flüN Qt' lu-ti üLbX VKLOCIW 
hAJÄ Vb.  LbAi>   DATA 

On tlio  baslH ol'   lUcau  cuiialdoraVluim,   Uichüiqud« havo  been üovoiuped 
fur the tititi.KiCion of titu probublllty diütri but ions of the rim acc«l«r«tlon 
and the rms guat velocity from data on ptaK acceleratlone.    These basic 
techniques dovelopod by Dr. Harry Presu, and associates at NASA were applied 
to available poak count statistics from h-tf, ti-^2, and KC-133 aircraft 
and the associatud probability distributions of root ouan square gust 
velocity are derived. 

Limitations and application of these results to calculation of 
gust-load and other airplane response histories!   £>ee figure 1) 

1. This graph represents  /o^.^ hours of b-i^'f, b-^2, and KL-1J3 
flight tine above 10,000 feet.    In determining the  transfer functions, 
average values of airplane and operational characteristics were used. 
The broken curve  is superimposed us a basis of comparison.    It represents 
NAtA's reaulte in  transport-type operations from jjü,0üu - $0,000 feet. 

2. The cumulative probability distributions, shown were obtained 
by integrating the probability ulstributions, anu define the proportion 
of total flight tiiai spent in turbulence exceeding given values of {Tu, • 

J,    The Uescription of  the gust experience  in this form is directly 
applicablo  *o loud calculatione for other airplanes in simiiftr operations 
by reversing the procedures used in obtaining theae i-esuita.    However, 
direct application oi  these results would apply only to similar operations. 
In order to obtain results that are mure flexible and applicable  tu arbitrary 
fiii^ht  plans,  it would be desirable  to determine  the  variations in  these 
diatributionu with alt^ude, weather condition,  and perhaps gcorgraphy. 

Perhaps  the must  Important puints   to be noted from these  graphs are 
the relatively  large amount of   tiiaj  spent  in essentially smooth air at 
the  higher altitudes,  and  the  relatively  iar^e amount of  time  in light 
to severe  turbulence  at  the  lowest altitude  bxac^e t {o.ti-f   la greater 
than 2 feet per second 25^ of flight time). 



COMBINED    B47,   B52,  KCjSö    DATA 

MOOlt 
ALTITUDE^    /»BOVE   10,000 FT 

DATE 

if 
8^ 

V 
X 

1000000 

ROO T-MEAN- SQUARE    0Ü8T    V ELO C I T f.^,  FP8 



üU.-i'AiOf 

Ülvuii  tiiii v »riiiuii i,,   lt  l.i not yu t pua.^ibi«  to dutumiuo  with pittcluloo 
Itiu  ulTcClt..  ul   tUlLiUui,co  uit  ati^uc tui ca.     II   lUa   vurltttlun«  are duo   to 
wuvuj  wllti w.ivu  iun^tlia 01" 1 mile,  the ulfoota will U» quit« difforeQt 
thati  11   liiu wuvt;  loii^tiia woru iUO foöt.    Juttu cimractdriatic llku  a 
•öCöle"   u!'   tui'LuIuiic'u   ia noudüd.    hört,   variuitco   'upectra* will IM   uaed 
t'or Uiia  piupüou.    A^ala,  tiioaa ohow whut l'ructloxi of varlaiica la con- 
trlbutud by vurloua   li.torvttlu ul" l'roijuöncy or wuve  lou^th.    Au analogy 
la  Ufi optical  apuctru.ii which ahowa  that l'j'uctloa of the auergy of  ligiit 
couea fruiu vnrloua  Intorvala of fruquujicy  ur wavo  laagth«    otatlatlca 
tiutliur«d tu data woxo üuilvud from vgh rucorda.    Ttie contrlbutloo of 
utiuuai'liorlc  tuibuloiicc   to  thu  lutl^ua  of aircraft atructu/ea haa uot 
boon cotiiplatuly  "jiailu.l down"  to data -  in any rlgoroua inathaioatloal 
aeiiau.    Jluwuvor,   na ahuwn  In  tha  lltarutui'a and  In  tha  practical axparl- 
laont,  good atatiatlcal data comblnod  with Power bpactral Danalty Analyala 
hau  proven ijultu  uaeful   In dullnuatlnti re^lona of  large  turbulence   Intensity 
which do cauae cunaldurablu  dajiiage  to aircraft atructuraa* 


